Quantum field theory is the fundamental theory of particle physics.
differential equations, which necessarily involve some products of fields at the same spacetime point. Since, however, a field is, apart from its operator nature, not an ordinary function but a generalized function, which is not defined point by point, a product of fields at the same spacetime point is not well-defined in general. This causes a very difficult problem, called ultraviolet divergence. There are several attitudes for coping with this trouble.
1. One gives up field equations, and discusses only the general framework of quantum field theory. This standpoint is called axiomatic field theory.
This approach, however, makes it impossible to formulate the theory con cretely.
2. One first replaces the singular product of fields by a well-defined one by means of point-splitting or some other regularization method. After applying a certain device of removing divergent pieces (called renormalization), one takes a limit to reproduce the original singular product formally. But this approach is successful only in some simple lower-dimensional models.
3. In order to deal with realistic theories concretely, therefore, one must appeal to some approximation method. In perturbation theory, one can obtain an explicit solution in the form of a (non-convergent) series expansion. After making renormalization, one can define the singular product of fields in each order of the perturbation series.
We do not wish to discuss this very difficult problem here. Since our primary interest is to develop concrete formalisms of realistic theories without approxima tion, we simply postulate that the product of fields at the same spacetime point exists uniquely without specifying how to define it explicitly. Here the uniqueness means that the ordering of field operators 1 in the product is totally irrelevant apart from an overall statistical signature factor. We emphasize that this statement does not mean to neglect the (anti)commutators of fields at the same spacetime point, but claims that the operator ordering at the same spacetime point is meaning less. Only under this understanding, we can reasonably develop the Lagrangian canonical formalism, which is presented in Sec.1.2.
Canonical quantization is carried out by using commutation relations or anticomrnutation relations according as y> A is bosonic (i.e., obeying Bose statistics)
The word "field operator" is used for emphasizing the operator nature of a field.
or fermionic (i.e., obeying Fermi one). Since any two fields at two different point (anti)commute at the equal time, Lorentz invariance implies that
[PA{*),<PB{V)]*=0
for (x-y) 2 <0, (1.1.1-1)
We call Eq. (1) local (anti)commutativity or Einstein causality, because it means that no action can propagate faster than light.
The operand of field operators is called a state vector, or simply a state.
It is denoted by | • ). For two states |/) and \g), their inner product is denoted by (g\f) and has the property
We sometimes write (/| without considering the inner product. We call (/| a bra-vector and correspondingly |/) a ket-vector.
The totality of states is called a state-vector space, and it is usually de noted by V. It is a complex linear space equiped with the inner product. If , A is unitary. We do not strictly distinguish hermitian and self-adjoint because we hardly pay attention to the domain in which A is defined.
Poincare invariance
Quantum field theory is invariant under the Poincare group, which is the totality It is convenient to consider the infinitesimal transformation, for which one can neglect higher order terms. The infinitesimal versions of Eqs.
(1) and (2) are x'" = x" + £*>" + e" (1.1.2-5) with e*" = -e"" and
For the fields having a half-odd spin, s(L) should be understood as the representation of the universal covering group, SL(2, C), of SO(3,1). 
Prom the composition rule, Eq.(4), we see that the Poincare generators satisfy the following commutation relations:
[P",P"] = 0, (1.1.2-11)
This algebra is called Poincare algebra. One can confirm the consistency be tween Eqs. (9),(10) and Eqs. (11)-(13) in the sense of the Jacobi identity [A, [B, C}} + [B, [C, A}} + [C, [A, B}} = From the physical reason, it is postulated that p 2 > 0 and p 0 > 0. This requirement is called spectrum condition. Accordingly, the little group on a spacelike p M is unphysical.
LAGRANGIAN CANONICAL FORMALISM
In this section, we review the general theory of Lagrangian canonical formalism, that is, starting with the Lagrangian density we define canonical variables, their canonical conjugates, and the Hamiltonian, and then set up the canonical com mutation relations. We also discuss the symmetry properties of the theory.
Lagrangian density and field equations
We consider a set of fields {tp A (x)}; they are called primary fields. The La grangian canonical formalism is based on an action /'
where / is bosonic, hermitian, and Poincare invariant. The Lagrangian density C(x) is a local function of primary fields <p A (x) , that is , it is constructed from ip A (x) and their derivatives at the same spacetime point.
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In order for the canonical formalism to be applicable, C{x) is assumed to contain no second or higher derivatives of <p A (x) and to be at most quadratic with respect to .first derivatives of y> A (x). Furthermore, when C(x) is a polynomial in <p A (x), one always drops a constant term and eliminates linear terms by redefining fields. Then the quadratic part of C(x) is called free Lagrangian density, and the remainder is called interaction Lagrangian density. Parameters appearing in the latter are called coupling constants.
In Eq.(l), the integration volume is the whole four-dimensional spacetime because any other spacetime region is non-invariant under translations. Hence in considering a variation of I, we need not take account of that of the integration volume. Then the variational principle SI = 0 yields
is not local, then we have a non-local theory, which is known to have funda mental difficulties.
where summation over A should be understood. Using Sd^ip^ = d^S^A and inte grating by parts, we obtain Euler-Lagrange equations, ^-5,^1^ = 0, (1.
2.1-3)
Of A o(d^A) which are called field equations.
In the above, an important assumption is that ^^(x) is local and vanishes sufficiently rapidly at infinity in any direction. Hence any term in C(x) expressible as d h (-y, which is called total divergence, can always be discarded. It is therefore unreasonable to consider a surface term, 3 which could arise from total divergence owing to the Gauss theorem, in the action /.
Canonical quantization in the ordinary case
In this subsection, we consider canonical quantization in the ordinary case. A more general case is discussed in the next subsection. Here we use the following notation:
with C(AB) = -1 if both <p A and <p B are fermionic and «<AB) = +1 otherwise (indices in parentheses are irrelevant to the summation convention); the subscript 0 of a bracket means to set x° = y° and 6(x -y) is the spatial three-dimensional delta function.
The Hamiltonian H is defined by
with
Then the following Heisenberg equations hold:
Their validity is shown in the following way. where the superscript y indicates that y should be used inside the parentheses.
Noting Eq.(l), we obtain 
Noether theorem
As discussed in Seel.1.2, the theory is invariant under the Poincare group. In general, the theory may have other invariance properties. If / is invariant under certain transformations of primary fields, the theory is said to have a symme try corresponding to those transformations. There are discrete symmetries and continuous ones, but we are interested only in the latter.
A continuous symmetry can be discussed by considering the infinitesimal transformation, which is characterized by an infinitesimal parameter e. We set
where
The symmetry considered is called spacetime symmetry if S'x" ^ 0 and internal symmetry if vanishing; 6' -8,' is called the orbital part of the symmetry. Poincare invariance is, of course, a spacetime symmetry.
Although the invariance of / does not necessarily imply
we here restrict our consideration only to this case. 4 Correspondingly, the Jacobian det d^x'" is unity, whence d^'x 11 = 0. We rewrite Eq.(4) as
Here, from the definition, Eq.(2), d" commutes with 6'. It is important to note that 8' is a particular case of a variation.
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Hence, the form invariance of / automatically implies the form invariance of the field equations.
We now define the Noether current by
It satisfies the conservation law
Indeed, with the help of Eqs.(1.2.3-2),(5), and (6), we have
The existence of the conserved current J? is known as the Noether theorem.
From Eq.(8), we obtain 2.4-10) that is, the charge
is time-independent. Here, however, we have assumed that J k vanishes at spatial infinity and that the integral in Eq. (ll) (7) for p. = 0 is
with the aid of Eq.( 1.2.2-13). Since 8'<p B can be written in terms of primary fields without using time derivatives, it (anti)commutes with <p A {y) at the equal time.
Accordingly, we have
owing to Eqs. (3) and (1.2.2-11). Thus the last two terms of Eq. (14) cancel out.
We therefore obtain 2.4-16) that is, Q is the symmetry generator.
Poincare generators
Since the time coordinate plays a special role in the canonical quantization, one may feel uneasy about the manifest covariance of the theory. But Poincare invariance is manifestly guaranteed in the canonical formalism as seen below. For translations, since
the Noether theorem implies that the canonical energy-momentum (or stress)
is conserved:
Hence the translation generators
We expect that P^'s are well-defined. Then they are energy-momentum operators.
Especially, P 0 is nothing but the Hamiltonian H.
For Lorentz transformations, since
the Noether theorem implies that the angular-momentum tensor,
Hence the Lorentz generators
QUANTUM FIELD THEORY IN THE HEISENBERG PICTURE
Thus Eqs.(l. 1.2-9) and (1.1.2-10) have been reproduced in the framework of the Lagrangian canonical formalism.
Since 7j," is not necessarily symmetric, it is convenient to symmetrize it in the following way. First, we set 2.5 -12) and seek for the quantity Fx^ satisfying
The solution is
Then, since Eqs. (9) and (8) imply
we see e ( ," = 0^ (1.2.5-17)
if we set
Furthermore, Eqs. (3) and (13) imply d"e"" = 0.
(1.2.5 -19)
We call 0"" the symmetric energy-momentum tensor. By using ©,,", we can rewrite Eqs. (4) and (10) as 2-5 -27) the canonical commutation relations yield
Because £ is Lorentz scalar, we should have 
Then, with the aid of Eq.( 1.1.2-7), it is straightforward to show that
(1.2.5 -33)
FREE FIELD THEORIES
In this section, after summarizing basic properties of the invariant singular func tions, we describe some free field theories as the simplest examples of quantum field theory. Since they are elementary, we here present main results only.
Invariant singular functions
A free field, <fi{x), having a mass m(> 0) usually satisfies the Klein-Gordon equation
There are two independent c-number Lorentz-invariant solutions to the KleinGordon equation: A(x;m 2 ) = -i-e(x°) (1.3.1-7)
where J n and N n are Bessel functions and K n is a modified Bessel function. Near the lightcone x 2 = 0, they behave like A(x;m 2 ) = -(l/2)e(i°)A(i;m 2 ), (1.3.1 -17) 
The momentum representation of some of Green's functions are as follows:
A fl (x;m 2 ) = -(2 7r r/^p 2^7 ; z0po , (1.3.1-23)
In the massless (m = 0) case, the invariant delta functions are particularly called invariant D functions, and expressed by using D in place of A. From Eqs. (9) and (10), we have As for the Green's functions, we have
3.1 -30)
Free real scalar field
We consider a free real (or neutral) scalar field <j>(x) having a mass m(> 0). Its Lagrangian density is given by
Its field equation is, of course, the Klein-Gordon equation
The canonical conjugate of <j> is TT = <j>, and canonical quantization is carried out.
Then it is easy to calculate the four-dimensional commutator
The canonical energy-momentum tensor is 3.2-4) which coincides with the symmetric energy-momentum tensor because <j> is spinless.
Poincare generators are constructed in a straightforward way. In particular, the In a free field theory, one can count the absolute number of particles. The number operator N is defined by 3.2-13) whose eigenvalues are positive semi-definite. The space spanned by all eigenstates of N is (after completion) called the Fock space. Fock representation is charac terized by the existence of a well-defined (absolute) number operator.
Free complex scalar field
We consider a free complex (or charged) scalar field ^(x) having a mass m.
Its Lagrangian density is given by
If we set v2<j> -<j>i + ifa, this theory reduces to the theory of two free real scalar fields 4>\ and <j> 7 , but it is more convenient not to do so. We regard tj> and #' as independent canonical variables; we therefore have n = <^' and JT' = <j>.
The field equation is, of course,
The four-dimensional commutation relations are
The canonical energy-momentum tensor is
This theory has an internal symmetry; £cs is invariant under the phase transformation 3.3-6) where 6 is a real parameter. The corresponding Noether current is
Hence the generator of the phase transformation is
(1.3.3-10) whence {75,7''} = 0 and 7 5 = 75, and a"" =(l/4)(7*7" -7"7"). The Dirac equation is derived from the Lagrangian density 3.4-6) where xj> = ^'7°. Although £D ' S n°t hermitian, we can hermitize it by integrating one half of the first term by parts. The infinitesimal Lorentz transformation matrix 5 tfl/ of the Dirac theory is given by iu^. Since CQ vanishes when the Dirac equation is used, the Poincare generators simply become
Free Dirac field
The Dirac theory is invariant under the phase transformation respectively.
GENERAL CONSIDERATION IN THE HEISENBERG PICTURE
In Sec. 1.2, we have discussed the general framework of the operator formalism of quantum field theory. In this section, we introduce state vectors to represent field operators. Of course, it is natural that the notion of states should have no explicit dependence on spacetime coordinates, as long as the theory contains no external force. Nevertheless, it is often made to describe the theory by transferring the time dependence of field operators to state vectors totally (Schrodinger picture) or partially (interaction picture, etc.). The original description is, correspondingly, called Heisenberg picture in order to discriminate it from other pictures. One should not forget, however, that only the Heisenberg picture is fundamental and that any other picture is derived from it. In this sense, the construction of the theory in the Heisenberg picture is the most important from the theoretical point of view.
Two-point functions
As mentioned in Sec.1.1.1, we postulate the unique existence of a distin guished state, called vacuum, which is denoted by |0). It is a state belonging to discrete spectrum, normalized to unity, i.e., (0|0) = 1, (1.4.1-1) and is Poincarc-invariant, i.e.,
We admit the case in which Eqs.(l) and (2) do not uniquely characterize |0). Its precise characterization is given later.
As shown in Sec.1.3, the four-dimensional (anti)commutator of field opera tors can be explicitly calculated in free field theories. It is no longer possible to do so if the interaction Lagrangian density is present. It is, however, possible to investigate the structure of the vacuum expectation value, (0| • • • |0), of the four-dimensional (anti)commutator by means of the general postulates of quantum field theory.
For simplicity of description, we consider a (non-free) real scalar field <f>(x).
We first investigate for any finite value of x M . Substituting Eqs. (4) and (5) into Eq.(3) and using Eq. (2), we obtain (1.4.1-17) Jo If particle contents of the theory are known, the spectrum condition can be made more precise. If there are only one kind of scalar particles having a physical mass ro r , which is generally different from m, then we have p 2 = m r 2 for one- We assume that the interaction Lagrangian density does not contain <f>. Thus 4>{x) is a free field, that is, as long as <f>{x) is non-free, we have Z < 1.
If Z = 1, then a(s) = 0, that is, we have (0\4>(x)<j>(y)\Q) =
Since the coefficient of the discrete spectrum is Z < 1, it is convenient to re-normalize it to unity. We therefore consider 4.1-25) and call it a renormalized field. Correspondingly, Z is called a (wave-function) renormalization constant.
In the above discussion, we have assumed that the canonical commutation relations arc consistent with the general principles of the theory including the metric positivity of V. But such an optimistic standpoint may cause troubles. Consider a current j"=^"^.
( there is no gravity.
Asymptotic fields
In particle-physics experiments, what are really observed are not fields but par ticles. In the scattering experiments, two particles collide with each other and after complicated interactions some particles are observed. Both before and after the collision, particles are so distantly located from each other that they can be regarded as free.
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That is, in the remote past and in the remote future com pared with the interaction time, we encounter only free particles. It is thus quite important to describe free particle nature in the asymptotic regions x° -> ±oo.
As a simple example, we consider a scalar field (£ (r ' = Z _1/2 </> satisfying a (renormalized) field equation
where we assume that J(x) has no discrete spectrum on mass shell. We can integrate Eq.(l) as Likewise'for <j> out . Thus <f>*" is a free field. But we must remember that (ff is a non-local field in the Heisenberg picture.
Although the above reasoning clarifies what the asymptotic field is, the math ematical meaning of Eqs. (5) and (6) Such convergence as above is called weak convergence in mathematics, in order to discriminate it from the norm convergence in the mathematical sense (strong convergence). It should be noted that weak convergence is meaningful even if V is an indefinite-metric Hilbert space. Weak convergence is really "weak" because the weak limit of a product of two operators is not, in general, equal to the product of the weak limits of those operators. Indeed, a product of primary fields may have an asymptotic field different from any primary-field's asymptotic fields. In general, if the two-point function (0|$ 1 (x)$ 2 (y)|0) for local operators $i(x) and $i(y) has a discrete spectrum, then there exist asymptotic fields $j M and ^^ such that (0|$ 1 as (x)$ 2 as (y)|0) = discrete spectrum of (0|$,(x)*,(y)|0). In particular, from the commutators with the Poincare generators, we obtain the covariance of asymptotic fields under the Poincare algebra. From Eq. (14) we see that Q is expressible as an integral over a quadratic function of asymptotic fields.
Asymptotic states and asymptotic completeness
Since asymptotic fields are free fields, we can construct their Fock representation on the basis of the vacuum |0). Since the vacuum of the Fock space is unique, this fact uniquely characterizes |0) even when its Poincare invariance cannot do so.
The state-vectors of the above Fock space are called asymptotic states.
We call an in-field asymptotic state an in-state and an out-field one an outstate. The Fock space spanned by all in-states is denoted by V" 1 ; V out is similarly defined. In the axiomatic field theory [Haa 58, Haa 59, Rue 62], it is rigorously proved that the (wave-packet) asymptotic states exist as strong limits of some states in V, provided that V is a Hilbert space and that there exists a finite gap between the discrete spectrum and the continuous one. Therefore, both V' n and V out are subspaces of V.
We now introduce a very crucial postulate, called asymptotic complete ness: We postulate that V in = V. Then the PCT theorem (see Appendix A.2) implies V out = V. We thus have
The asymptotic completeness is important because it is the only known general principle which uniquely determines the representation space of field operators.
We may say that the asymptotic completeness is a certain minimality require ment because any other representation space must be larger, that is, it contains non-asymptotic extra states in addition to all asymptotic states. The choice of such extra states is not only necessarily model-dependent but also often "authordependent" (see Sec.2.5). This fact may lead authors to futile controversy. Fur thermore, extra states are usually devoid of particle contents, whence it is quite questionable in what way they are observed, unless one can invent a mechanism by which they become unobservable.
Under the asymptotic completeness, any operator is (at least formally) ex pandable into a series of normal products of asymptotic fields, where normal product is a product of free fields such that any annihilation operator lies on the right of any creation operator. This is because we can always choose expan sion coefficients in such a way that all matrix elements of that operator in terms of asymptotic states coincide with those of that series. In this sense, under the asymptotic completeness, any operator is expressible in terms of asymptotic fields. The S-operator S commutes with any symmetry generator Q because of the time independence of Q. Especially, S commutes with the Poincare generators.
Since one-particle states are uniquely specified by the eigenvalue of P M and spin component, the one-particle restriction of S is a unit operator. The expression for Q in terms of ip oni has the same form as that in term of ifi' n ,
Hence we may write Q = F(v as ).
Reduction formula
The S-operator introduced in Sec.1.4.3 is the concept of practical importance be cause the transition probabilities of particle reactions are essentially given by the absolute squares of its matrix elements. It is therefore very important to express For simplicity of description, we consider only a real scalar field 4>{x). The Klein-Gordon operator Q + m r 2 is denoted by K. We intoduce a complete set of orthonormal positive-frequency solutions, /*(x), to the Klein-Gordon equation: 
where a stands for a permutation of {1,2, • • •, n} and the summation runs over all permutations. The vacuum expectation value of Eq. (5) is called a T-function:
We first prove that
We substitute
into the lhs. of Eq.(7). Since x^0 > y° for any j, 4>(y) can be included under the T symbol. Then, by using 4.4-9) we can rewrite the integral as follows:
(1.4.4-10)
We thus obtain 4.4-14) where the pair of double dots stands for normal product and J(x) is a c-number source function.
For further discussions on asymptotic fields and asymptotic states, especially in the indefinite-metric cases, see Appendix AA. The simplest example of Eq. (3) is found in the free massless scalar field theory. This theory is invariant under the transformation <j> -> <f>' = <j> + a, a being a c-number constant. The corresponding generator is given by Q= I dxd 0 (t>(x) .
SPONTANEOUS BREAKDOWN OF SYMMETRY
( 5.1-5) this symmetry is spontaneously broken. Here, the fact that <j>{x) is massless is crucial.
In general, the following theorem, which is called Mathematical discussions on the spontaneous breakdown of symmetry in the indefinite-metric cases are given in Appendix .4.3.
Goldstone model
Whether or not the spontaneous breakdown of symmetry occurs is often dependent on the values of the parameters involved in the theory.
We consider a complex scalar field having a (j>* interaction. Its Lagrangian density is given by
(1-5.2 -1)
Here we assume A > 0 because if A < 0 there is no vacuum, but we do not prescribe the sign of the mass term. The field equation which follows from Eq.(l) is
If <j> is expanded in powers of its asymptotic field, the zeroth order term is
Hence, in the zeroth-order approximation, Eq. (2) shows that this symmetry is spontaneously broken. The theory given by £G with The generator Q can be expressed as 5.2-14) where Z denotes the renormalization constant of xIn the above, the representation of the field operator has been constructed on the basis of a particular choice of the phase of v. For various choices of it , we have physically equivalent but unitarily inequivalent representations. There is no need for considering all irreducible representations simultaneously so as to recover the invariance under the phase transformation. The Lagrangian density of this model is given by
It is invariant under the chiral transformation
as is easily confirmed by using 7 5 2 = 1 and exp (-i#7j) = cos 9 -175 sin 6. If this invariance is not broken, TJ> must be massless. But, according to the analysis based on the self-consistent self-energy equation (though it suffers, unfortunately, from serious divergence difficulty), it is possible for if> to acquire a non-zero mass if the coupling constant g is negative and sufficiently large.
The chiral transformation, Eq.(2), is generated by
Indeed, the canonical anticommutation relation yields
[iQs,ip} = -ilsTp
Hence, for the pseudoscalar density
we have 5.3-7) then the chiral invariance is spontaneously broken, and p(x) contains the Goldstone mode. That is, the NG boson is a composite particle of xp and tp.
(1.5.3-1)
(1.5.3-4)
Addendum l.A DIRAC METHOD OF QUANTIZATION
We describe the Dirac method of quantization for a singular system and show that it is independent of the choice of canonical variables. where <j> a (a = 1,... ,r < n) are functions of g< and p*. We consider a variation of the Hamiltonian p^ -L: Eq.(3) shows that the Hamiltonian is expressible in terms of g, and pi. Of course, this statement is valid under the validity of the constraints, Eq.(2). Hence we should consider a generalized Hamiltonian
where v a (a = 1,..., r) are undetermined functions.
The time development of a quantity \ is given by
where (A, B)j> is the Poisson bracket defined by
l.A-6 dqi dpi dpi dqi
Since the constraints must hold for any r, consistency requires to have (<j> a , H) P = 0, M-7)
Some of Eq.(7) may be satisfied by choosing v a appropriately, but the remain der may be new conditions, which must be regarded as constraints. We should therefore consider Eq.(7) for these new constraints. Repeating this procedure until we no longer obtain new constraints, we obtain a set of independent constraints Eq.(2) with a = 1,... ,s (r < s < 2n).
K (4>a, X)P (<* = l>---> 5 ) are all written as linear combinations of con straints, x >s called of first class. Otherwise, x is of second class. Let A be the s x s matrix formed by (<^0, 0/j)p. If det.A = 0, certain combinations 4>' of <j> a are first-class constraints. When quantized, these first-class constraints are inter preted as conditions restricting state vectors in such forms as 4>'\f) = 0, because there exist some quantities x such that (<j>', X)P f^ 0-When apphed to quantum field theory, however, such conditions are generally inconsistent with the existence of the vacuum (see Sec.2.2.3). We therefore do not wish to have any first-class constraints.
Since the first-class constraints are nothing but the generators of gauge trans formations (i.e., canonical transformations which leave H and all constraints in variant), they become of second class by adding gauge-fixing constraints. Indeed, if we start with the Lagrangian modified by gauge fixing in such a way that no gauge invariance remains, then we encounter no first-class constraints. In the following, therefore, we assume that all constraints are of second class.
In this case, the matrix A is invertible, whence s is even because A is anti symmetric. We then define the Dirac bracket of two quantities A and B by Thus, as is well known, the Lagrange bracket is invariant under the canonical transformation.
We choose Zj = <j> a for j = 2n -s + a and z ; = z a for j = a -1,2,... ,2n -s. Then, with the aid of Eqs. (9), (8) and (12) Finally, we present two important examples of the invariance of the Dirac brackets [Kug unp.c] . The action is not altered by adding total divergence. In the present formulation, this amounts to considering a change of L by F, where F is a function of q { only (i.e., involving no q { ). In this case, the canonical variables {q a } is a subset of {<1A} and has a one-to-one correspondence with.{6 a }.
